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ABSTRACT
We show that, when A generates a C-semigroup, then there exists Y such
that
[Im(C)] > Y « X,

and Aly, the restriction of A to Y, generates a strongly continuous semi-
group, where < means “is continuously embedded in” and ||zl}{rm(cy) =
{|C-1z|]. There also exists W such that

CW) = X =W,

and an operator B such that A = Bjx and B generates a strongly contin-
uous semigroup on W. If the C-semigroup is exponentially bounded, then
Y and W may be chosen to be Banach spaces; in general, Y and W are
Frechet spaces. If p(A) is nonempty, the converse is also true.

We construct fractional powers of generators of bounded C-
semigroups.

I. Introduction

Motivated by the abstract Cauchy problem,

(1.1) ditu(t, )= A(ut,z)) (¢20), u(0,z)=z,
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a generalization of strongly continuous semigroups, C-semigroups, has recently
received much attention (see [9], [12], [14], [15], [16], [17], [18], [20], [21], [23], [32],
[33], [35], [36], [37], [41], [43], [44], [45], [46], and [47]). Generating a C-semigroup
corresponds to (1.1) having a unique solution, whenever z = Cy, for some y in
the domain of A.

The class of operators that generate C-semigroups is much larger than the class
of operators that generate strongly continuous semigroups. When C is chosen to
be (A—A)~", for some n € N, then iA, on LP(R¥), for 1 < p < c0,p # 2, may be
shown to generate a C-semigroup, but not a strongly continuous semigroup (see
[24] and (15]). This yields solutions of the Schrédinger equation, for all initial
data in the domain of A™*!, Much “worse” operators, corresponding to what
are traditionally referred to as ill posed or improperly posed problems, generate
C-semigroups. For example, if A = —A, so that (1.1) becomes the backwards
heat equation, then A generates a C-semigroup. If

|0 I
a5 4.

so that (1.1) becomes the Cauchy problem for the Laplace equation, then A
generates a C-semigroup (see [16]).

When Im(C) is dense, as is the case in the examples above, then (1.1) has
a unique solution for all z in a dense set. Thus, C-semigroups have been used
extensively to produce unique solutions for all initial data in a dense set. The
question of whether the solutions were well-posed, in some sense, remained. The
usual definition of (1.1) being well-posed is when A generates a strongly contin-
uous semigroup (see [22], chapter 2.1).

In this paper, we show that, when A generates a C-semigroup, then there exists

an “interpolation space” Y such that
[Im(C)] =Y < X,

and Aly, the restriction of A to Y, generates a strongly continuous semigroup. If
the C-semigroup is exponentially bounded, then Y may be chosen to be a Banach
space; in general, Y is a Frechet space. If p(A) is nonempty, the converse is also
true. The exponentially bounded case of this result may be found in [37].

We show that the interpolating space Y contains all initial data for which (1.1)

has a solution.
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We also show that there exists an “extrapolation space” W such that
[C(W)) = X oW,
and an operator B such that A = B|x and B generates a strongly continuous
semigroup on W.

The norm on the interpolation space Y is ||z|ly = sup{||C1W(¢)z|||¢t > 0},
while the norm on the extrapolation space W is ||z||w = sup{}|W(t)z|||t > 0}.

This paper shows that, in a technical sense, at least if one is willing to make
renormings, the concepts of C-semigroup and strongly continuous semigroup are
the same. But there are important practical differences. A C-semigroup is often
very easy to produce and construct, and one does not have to leave the original
norm, which may be very simple or physically meaningful. The interpolation
space, on which the restriction of A generates a strongly continuous semigroup,
may be very difficult to construct, with a norm that is unpleasant or impossible
to work with. In [13], [14], [15], [16], [17], [18], [21] and [41], there are numerous
examples of C-semigroups that are constructed in the most simple-minded and
intuitive manners,

Even if one’s only goal is to find subspaces, Y, on which the restriction of
A, Aly, generates a strongly continuous semigroup, we submit the following al-
gorithm. First find a C-semigroup generated by A. Then use the construction of
this paper (Theorems 3.1 and 3.8) to produce Y.

This paper makes it clear how C-semigroups may be used, first, to characterize
all initial data that yield a solution of (1.1) (see Proposition 2.6), then, in the
construction of the interpolating space Y, to find a norm with respect to which
those solutions are well-posed.

This paper also shows the relationship between general C-semigroups and ex-
ponentially bounded C-semigroups. It is the same as the relationship between
Frechet spaces and Banach spaces, that is, A generating a C-semigroup corre-
sponds to a restriction of A to a Frechet space generating a strongly continuous
semigroup, while generating an exponentially bounded C-semigroup corresponds
to a restriction to a Banach space generating a strongly continuous semigroup.
More specifically, generating a C-semigroup corresponds to an interpolating space
Y with the topology of uniform convergence on compact subsets of [0, c0), while
generating a bounded strongly uniformly continuous C-semigroup corresponds to
Y having the topology of uniform convergence on [0, 00) (see the construction of
Y in Theorems 3.1 and 3.8).
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We present preliminary material on C-semigroups in section II. Qur main the-
orems are in section III. We give examples in section IV. In section V, we give an
example of how section III may be used to translate strongly continuous semi-
group results to analogous results for C-semigroups, by constructing fractional
powers of generators of bounded, strongly uniformly continuous C-semigroups.
Section VI considers holomorphic C-semigroups and section VII uses section III
to obtain perturbation results for C-semigroups (see also [47]).

All operators are linear. We will write D(A) for the domain of A, p(A) for the
resolvent set. X will always be a Banach space. Y, in general, will be a Frechet

space. C will always be a bounded, injective operator. If A is an operator on X
and Y C X, then A|y is the part of A in Y, that is,

D(Aly) = {z € Y N D(A4)| Az € Y},

with Alyz = Az. We will write {e'4};5¢ to mean a strongly continuous semi-
group generated by A. When W is a Banach space, we will denote by [C(W)]
the Banach space with norm ||z||jc(w)) = ||C~'z||w; when W is a Frechet space
whose topology is generated by the seminorms {|| ||i}$2,, then [C(W)] will be a
Frechet space whose topology is generated by the seminorms ||z||;,c = [|C™=||;
(1 £i < o0). C(X) will also be denoted by Im(C). We will denote by [D(A)]
the Banach space with the graph norm ||z||ip(4)) = ||2{|+]|Az]|. L(X,Y) will be
the space of continuous, linear operators from X into Y; L(Y) will mean L(Y,Y).

By a solution of (1.1) we mean u € C([0,0),[D(A4)]) N C? ([0, 00), X ), satis-
fying (1.1). By a mild solution we mean u € C ({0, 0), X) such that fot u(s)ds €

D(A),Vt > 0, satisfying
t
u(t)=A (/ u(s)ds) +z,
0

Vvt > 0. We will write Y — X to mean that Y is continuously embedded in X,
that is, Y € X and the identity map from Y to X is continuous.

I1. Preliminaries

Definition 2.1: The strongly continuous family of bounded operators
{W(#)}t>0, on a Banach space X, is a C-semigroup if W(0) = C and
W)W (s) =CW(t+s), Vs, t > 0. |
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The generator of {W(t)}:>o is defined by
Az =C™! iin(l) % (W(t)z - Cz)|,

D(A) = {z € X|limit exists and is in Im(C)}.

Note that when C = I, this is the definition of a strongly continuous semigroup
generated by A. Intuitively, W(t) = Ce'4 = e!4C. This intuition is realized

precisely in section III.

Definition 2.2.: The strongly continuous family of bounded operators
{T(t)}1>0, on a locally convex space Y, is a locally equicontinuous semi-
group if T(0) = I, T(#)T(s) = T(s + t),Vs,t > 0 and Vs < 0o, {T(t)|0 < t < s}
is equicontinuous. |
The generator is defined exactly as in Definition 2.1, with C = I.
Proposition 2.3 (see [14]): Suppose A generates a C-semigroup {W(¢)}i>0.
Then
(a) A is closed.
(b) W(t)A C AW (t),Vt > 0.
(c) %W(t)z exists and equals W(t)Az,Vt > 0,z € D(A).
@) [ W(s)zds € D(A), with A ( JEw(s)e ds) = W(t)z — Cz,¥t > 0,z €
X.
(e) (1.1) has a unique solution, Vz € C (D(A)), given by u(t,z) = W(t)C'z.
(f) (1.1) has a unique mild solution, Vz € Im(C), given by u(t,z) =
W(t)C !z,

Even when {W(#)}:>0 is exponentially bounded, p(A) may be empty.
When {W(t)}:>0 is exponentially bounded, the following is in [32], where the

operator, G, is introduced.

PROPOSITION 2.4: Suppose {W(t)}:>o is a C-semigroup generated by an exten-
sion of A, CA C AC and Dw = {z € Im(C)|t — C~'W(t)z is differentiable at
t =0} C D(A). Then C ' AC generates {W(t)}t»0.

PROPOSITION 2.5 (see [16], Proposition 2.9): Suppose an extension of A gener-
ates a C-semigroup and p(A) is nonempty. Then A is the generator.
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PROPOSITION 2.6: Suppose A generates a C-semigroup {W(t)}:>0. Then (1.1)
has a solution if and only if t — C~'W(t)z € C([0,00),[D(4)])NC* ([0, 0), X).
The solution is then u(t,z) = C~'W(t)z.

PROPOSITION 2.7: Suppose A generates a C-semigroup {W(t)}¢>0. Then (1.1)
has a mild solution if and only if t — C™'W(t)z € C([0,00),X) and
fo‘ C~1W(s)z ds € D(A),Vt 2 0. The solution is then u(t,z) = C™'W(t)z.

Note that (1.1) has a mild solution whenever z € Im(C). The “smoothed”
solutions C(u(t,z)) are then well-posed, in the sense that C(u(t,z,)) converges
to zero, uniformly on compact sets, whenever z, — 0. In section III, we will see
that, on a subspace, Y, that contains Im(C), the solutions themselves are well-
posed, that is, Ay generates a strongly continuously semigroup, so that u(t,z,)

converges to zero in Y, uniformly on compact sets, whenever z, — 0,in Y.

Proof of Proposition 2.4: Let A be the generator of {W(t)}i>0 and let G = A,
restricted to Dw. Then it is straightforward to see that C™'GC = A. Thus
A=c-'Gcccac.

For the opposite inclusion, another straightforward calculation shows that
C~1AC is the generator of the C?-semigroup {CW(t)}i>0. The following ar-
gument shows that A = C-1AC.

It is clear that A C C~'AC. Suppose z € D(C~1AC). Then, ¥t > 0, by
Proposition 2.3,

C(W(t)z - Cz) = /0 t CW(s)C'ACz ds

=C ( /0 ‘W(s)C-tACE ds) :

since C is injective, this implies that
t
(W(t)s — Cz) = / W(s)C™* ACz ds,
0

which implies that z € D(A), with Az = C1ACxz, as desired.
Thus C-1AC C C~1AC = A, so that A=C7'AC. &

Proof of Proposition 2.6: When

o(t) = CTW(t)z € C ([0, 00), [D(A)) () C" (10, 0), X),
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then by Proposition 2.3(b) and (c),
C’éitv(t) = dith(t) = ACv(t) = CAv(t), Vt>0,

so that, since C is injective, (1.1) has the solution u(t,z) = C~1W(t)z.
Conversely, if (1.1) has a solution v, then, by Proposition 2.3(e), since Cv(0) €

C (D(4)), Cv(t) = W(t)C~1Cv(0) = W(¢t)z. ]

Proof of Proposition 2.7 'When v(t) = C~'W(t)z has the desired properties,

then by Proposition 2.3(b) and (d),

CA ( /o t v(s) ds) =4 ( /0 t Co(s) ds) = C(v(t)) - Cx,

so that, since C is injective, v is the desired solution. The converse is exactly as

in the previous proof, using Proposition 2.3(f). |

III. Main Theorems

Our main results are in Theorems 3.16 and 3.17. The construction of the inter-
polating space Y, on which A|y generates a strongly continuous semigroup, is in
Theorem 3.8. In all our results, D(A) may not be dense and p(A) may be empty.

We will say that a C-semigroup {W(¢)}:>o is strongly uniformly contin-
uous if, for all z € X, the map t —» W(t)z , from [0, c0) into X, is uniformly
continuous (see Remark 3.6).

It is clear how Theorems 3.1 and 3.16 may be extended to exponentially
bounded C-semigroups.

Assertions (1), (2) and (5) of the following proposition are essentially in [37],
Theorem 1, with the same construction. Our result is somewhat sharper, in that
the rate of growth of the C- semigroup matches the rate of growth of the strongly

continuous semigroup.

PROPOSITION 3.1: Suppose A generates a strongly uniformly continuous bou-
nded C-semigroup, {W(t)}t>o. Then 3 a Banach space Y such that

(1) A|y generates a strongly continuous contraction semigroup,

(2) [C(X)] =Y < X,

(3) Y contains all initial data for which (1.1) has a bounded uniformly con-
tinuous mild solution, with

(4) u(t,z) = e*Alvz and

(5) W(t) = et4lvC,vt > 0.
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Y may be chosen to be

{z € X|t— C™'W(t)z is a uniformly continuous map

from [0,00) into X and ||z||ly < o0},

where [olly = sup{||C-'W(t)e[l|¢ 2 0}.
COROLLARY 3.2: Suppose A generates a strongly uniformly continuous bounded
C-semigroup {W(t)}¢>0. Then 3 a Banach space W and an operator B such that
(1) C extends to a bounded operator, C,onW,
(2) B generates a strongly continuous contraction semigroup on W, such that
etBC = CetB,Vt > 0,
(3) CetBz = W(t)z,Vt >0,z € X,
(4) A=B|x and
(5) [CW) =X =W .
W may be chosen so that

lizllw = sup{||W(t)e|l|t 20},  VzeX.

Remark 3.3: Theorem 0.2, in (2], has a result similar to Corollary 3.2, for expo-
nentially bounded n-times integrated semigroups of type w > 0 (B generates an
exponentially bounded n-times integrated semigroup of type w > 0 if and only if
(w,00) C p(B) and B generates an exponentially bounded (A ~ B)™"-semigroup,
VA > w; see [15]). By choosing C = (A — A)™", Theorem 0.2, in [2], is a corollary
of Corollary 3.2. 1

Another construction of interpolation spaces, for a class of operators related

to integrated semigroups, appears in [40].

Remark 3.4: In [27], an interpolating space, Z, defined to be the Hille~Yosida
space, is constructed, for an arbitrary operator, A, so that A|z generates a
strongly continuous contraction semigroup. When A generates a bounded C-
semigroup, then it may be shown that C' (D(A)) C Z; however, even when D(A)
is dense, it is not clear if Im(C) C Z. |

Remark 3.5: In [12], section 6, it is stated that the construction in [34] may be
used to construct an interpolating space Y satisfying (1) and (2) of Theorem 3.1,
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when Im(C) is dense and A generates an exponentially bounded C-semigroup.
However, the construction there required that (A — A)~! leave Im(C) invariant;

the following example shows that this is not true, in general. Let

0 Cc?

AE[O 0

] , D(A) = X x Im(C).
Then A generates the exponentially bounded C-semigroup

Wi(t) = [g é] s

>

1 101
a-at= [ 797,
A
with the same domain as A, VA # 0, which clearly does not leave Im(C) x Im(C)

invariant. |

Remark 3.6: If A, in Theorem 3.1, is densely defined and {W(t)}:>¢ is bounded,
then {W(t)}:>0 is strongly uniformly continuous. The same is true if {W(t)}:>0
is stable. It is not clear if all bounded C-semigroups are strongly uniformly
continuous. If 3Y" as in (1) and (2) of Theorem 3.1, then {W(t)}:>o is strongly

uniformly continuous (see Proposition 3.11). 1

Remark 3.7: Note that, in Theorem 3.1, Y does not contain all initial data for
which (1.1) has a solution, in fact, the following example shows that, in general,
there will exist no Banach space satisfying (2), (3) and (4), with A|y generating

a strongly continuous semigroup, that will contain all such initial data.

Let

X = Co(R) 1 CL([0, 0)), As—%, D(A) = {f € X|f' € X}.

Then A generates a bounded strongly uniformly continuous (1— A)™!-semigroup,
defined by

W(t)f(z) = (1-A)7"f) (= - 1).

If Y were as in Theorem 3.1 and u were defined by (4), then u would be exponen-

tially bounded. However, there are solutions of (1.1) that are not exponentially

bounded. Choose f € D(A) such that, Yk € N,

sup{|f'(~z)l| k- 1<z <k} > .



236 R. DELAUBENFELS Isr. J. Math.

Then
u(t, f)(z) = f(z - t)

is a solution of (1.1) and
llu(t, Il = e,  vt>0.

Hence, to obtain an interpolating space containing all initial data for which

(1.1) has a mild solution, we must let Y be a Frechet space. 1
THEOREM 3.8: Suppose A generates a C-semigroup {W(t)}¢>0. Then 3 a
Frechet space Y such that

(1) Aly generates a locally equicontinuous semigroup,

(2) [CX) =Y =X,

(8) Y contains all initial data for which (1.1) has a mild solution, with

(4) u(t,z) = e*4lvz and

(5) W(t) =etAlvC vt > 0.

Y may be chosen to be

{z € X|t — CT'W(t)z is a continuous map from [0,0) into X},
with the topology of Y generated by the seminorms
llzli,; = sup{liCT'W(t)zl|t € [ri,rsl},

where {r;}32, is a denumeration of the nonnegative rational numbers.
COROLLARY 3.9: Suppose A generates a C-semigroup {W(t)}t>0. Then 3 a
Frechet space W and an operator B such that

(1) C extends to a bounded operator, C,onW,

(2) B generates a locally equicontinuous semigroup on W, such that etBC =
CetB vt >0,

(3) CetBe =W(t)z,¥t >0,z € X,
(4) A = B|x and
(5) [C(W)] — X - W.
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W may be chosen to have topology generated by the seminorms
lzlli,; = sup{[[W()zl||t € [ri,rj]},  VzeX,

where {r;}$2, is a denumeration of the nonnegative rational numbers.

Remark 3.10: The construction of Theorem 3.8 could also be done when A
generates a semigroup of unbounded operators, {T'(t)}¢>0, as in [26]. If

D= {z € ﬂ D(T(t)T(s))|t + T(t)z is continuous,
8,t>0

T@)T(s)z = T(s +t)z,Vs,t > 0},

as in [26], then one would obtain a Frechet space, Y, containing D, such that
{T(@®)ly }s>0 is alocally equicontinuous semigroup. Since D does not have a topol-
ogy, one would have less information about the topology of Y, than is contained
in Theorem 3.8. Also, it is not clear what the relationship between the generator
of {T'(t)ly }s>0 and Aly is, where A is the generator of {T(t)}s>0, as defined in
[26]. |

In Propositions 3.11, 3.12, 3.14 and 3.15, note that, when p(A) is nonempty,
then A itself is the generator, by Proposition 2.5.

PROPOSITION 3.11: Suppose CA C AC and 3 a Banach space Y such that
[CX)>Y =X

and Aly generates a strongly continuous contraction semigroup. Then an ex-
tension of A generates a bounded strongly uniformly continuous C-semigroup on
X.

PROPOSITION 3.12: Suppose 3 a Banach space W, a bounded extension, C, of
C, on W and an operator B such that

[CW) = X =W,

B generates a strongly continuous contraction semigroup on W, e!BC = Ce'B,
Vt > 0 and A = B|x. Then an extension of A, C™'AC, generates a bounded

strongly uniformly continuous C-semigroup on X.
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Remark 3.13: By choosing C = (A — B)™*, and using Proposition 2.5 and the
equivalence between generating a k-times integrated semigroup and generating
a (A — B) ¥-semigroup (see Remark 3.3), Theorem 0.1, in [2], is a Corollary of
Proposition 3.12. |

PROPOSITION 3.14: Suppose CA C AC and 3 a Frechet space Y such that
CX)—=Y—oX
and Aly generates a locally equicontinuous semigroup. Then an extension of A

generates a C-semigroup on X.

PROPOSITION 3.15: Suppose 3 a Frechet space W, a bounded extension, € of
C, to W and an operator B such that

[CW)] = X =W,
B generates a locally equicontinuous semigroup on W, e!BC = Ce'B and A =
B|x. Then an extension of A, C~*AC, generates a C-semigroup on X.
The equivalence of (a) and (b) in the following theorem is in [37], Theorem 1.

THEOREM 3.16: The following are equivalent.

(a) A generates a bounded strongly uniformly continuous C-semigroup.
(b) A= C~'AC and 3 a Banach space Y such that

[CX) =Y < X,

and Aly generates a strongly continuous contraction semigroup.

(¢) 3 a Banach space W and an operator B such that B generates a strongly
continuous contraction semigroup on W, C extends to a bounded opera-
tor, C, on W, e'BC = Ce'B,Vt > 0,

CW) =X - W,

and A = Blx.
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THEOREM 3.17: The following are equivalent.
(a) A generates a C-semigroup.

(b) A=C1AC and 3 a Frechet space Y such that
[C(X)]| =Y < X,

and Aly generates a locally equicontinuous semigroup.

(c) 3 a Frechet space W and an operator B such that B generates a locally

equicontinuous semigroup on W, C extends to a bounded operator C, on

W, etBC = Ce!B,Vt > 0,
CW) =X - W,
and A = Blx.

The following improves Corollary 0.3, in [2], by removing the hypothesis that
D(A) be dense. The equivalence of (a) and (b) is in [37], Corollary 2.

COROLLARY 3.18: Suppose p(A) is nonempty. Then the following are equiva-
lent.

(a) A generates an exponentially bounded n-times integrated semigroup.

(b) 3 a Banach space Y such that Aly generates a strongly continuous semi-
group and
[D(A™)) =Y < X.

(c) 3 a Banach space W and an operator B such that B generates a strongly
continuous semigroup on W,

[D(B™)] = X — W,
and A = B|x.

For Lemma 3.19 and Corollary 3.20, assume {W(t)}:>¢ is a C-semigroup.
LEMMA 3.19: If W(t)z € Im(C), then W(s)C~'W(t)z = W(s + t)z, Vs > 0.

Proof: C [W(s)CT'W(t)x] = W(s)CC W (t)z = W(s)W(t)z = CW (s + t)z,
thus this follows from the fact that C is injective.
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COROLLARY 3.20: If W(t)z € Im(C),Vt > 0, then W(s)C~1W(t)z € Im(C),
Vs,t > 0.

Proof of Proposition 3.1:  Assertions (1) and (2) follow as in the proof of Theorem
1, in [37], with e!4lv = C-1W(2). (3) and (4) follow from Proposition 2.7.
(5) follows from the fact that C is injective and CW(t) = W(t)C = CetAlrC.
|

Proof of Corollary 3.2: Let Z be the completion of X, with respect to the norm
lizllz = ||Cz]|. Extend C to Z by defining Cz = limp—co CZq, with the limit
taken in X, whenever {,}32, is a sequence in X converging to z, in Z. It is not
hard to see that € is bounded and injective on Z, and €(Z ) equals the closure,
in X, of C(X). For any ¢t > 0, extend W(t) to Z by W(t)z = C~'W(t)Cz; note
that, since W(t) is bounded and commutes with C, W(t)Cz € C(Z),¥z € Z.
W is now constructed from Z exactly as Y was constructed from X, in Theorem

3.1. Note that
llzllw = sup ||IC'W(t)z||z = sup ||W(t)z]l.
>0 >0

Thus X C W and (5) is clear.

B = A,|w, where A, is the generator of the extension of {W(t)}:>0 to Z; by
Theorem 3.1, B generates a strongly continuous contraction semigroup on W.
To see that A = B|x, suppose z € D(B|x). Then, Vt > 0,

S W(tp - 0z) = C (%(e‘Bz - z)) ,

which converges to CBz, as t — 0, in X, because [C(W)] = X. Thus z € D(A)
and Az = Bz, so that Blx C A. Conversely, suppose z € D(A). Then, Vt > 0,

t t
CeBe—Cz=W(t)e-Cz = / W(s)Azds=C (/ e'BAz ds) ,
0 0
so that, since Cis injective,
t
etPr—z= / e*BAzds,
0

which implies that z € D(B) and Bz = Az € X, so that z € D(B|x), as desired.
1



Vol. 81, 1993 C-SEMIGROUPS 241

Proof of Theorem 3.8: Y is a locally convex space generated by a countable
family of seminorms, thus to show that Y is a Frechet space, it is sufficient to
show that Y is complete.

Suppose {y.} is a Cauchy sequence in Y. Since W(0) = C, it is clear that
3z € X such that y» — z, in X. Fix 7 and j. Fort € [r;,r;}, 32(t) € X
such that C~'W(t)y, converges to z(t), and W(t)y, converges to W(t)z, in
X, both uniformly on [r;,r;]. Since C is bounded, Cz(t) = W(t)z, so that
W(t)z € Im(C),Vt € [ri,r;]. The continuity of ¢t = C~'W(t)z = 2(t), and the
fact that ||y, — z||;,; converges to 0, both follow from the uniform convergence
of C™1W(#)y,. Since ¢ and j were arbitrary, r € Y and y, converges to z,in Y.

By Lemma 3.19 and Corollary 3.20,

T(s) = C™'W(s)
maps Y into itself, Vs > 0. By Lemma 3.19, for s > 0,7, e N,z € Y,
T (s)zlli s = sup{l[CT' W(t)zll|t € [ri + 5,75 + s} < [I=]lkys,

when ri < r;j +s and r; > rj + 3. Thus T(s) € L(Y). The strong continuity of
{T(s)}s>0 follows from the fact that s — C~1W(s)z, from [r;,r;] into X, is con-
tinuous, hence uniformly continuous, for any z € Y, ¢,57 € N. Since Y is a Frechet

space, the strong continuity implies that {T'(t)}:>o is locally equicontinuous (see

(28)).
Let A be the generator of {T(s)}s>0. If z € D(4), then Vs > 0,
1 1
S (W(s)z~Cz)=C [; (T(s)x — .’L‘)] ,
which converges to CAz, as s — 0. Thus = € D(A), with Az = Az € Y.

This is saying that A C Aly. To see that Aly C A, suppose z € D(A|y).
Then it is not hard to see that C € L(Y'), thus, since

t t
CT(t)z-Cz=W(t)z —Cz = / W(s)Azds =C (/ T(s)Az ds) ,
0 0
and C is injective, it follows that

Ttz —z = /: T(s)Az ds,
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Vt > 0, so that z € D(A) and A = Ay, as desired.
It is clear that ¥ — X, by choosing r; = 0,r; > 0. If z = Cz € Im(C), then
t = C~1W(t)z is continuous and Vi,j € N,

llzlli; < (sup{lW Ot € [ri, ;N IICT 2,

thus Im(C)— Y. n

Proof of Corollary 3.9: This follows from Theorem 3.8 exactly as Corollary 3.2
followed from Theorem 3.1. |

Proof of Propositions 3.11 and 3.14: Let W(t) = e!4l¥C. Strong uniform
continuity follows from the fact that Im(C) C Y and Y — X. It is not hard
to show that, since CA C AC, C leaves Y invariant and commutes with et4lv,
This implies that W(t)W(s) = W(t + s)C,Vs,t > 0.

Thus {W(t)}¢p0 is a C-semigroup. Let A be the generator of {W(t)}¢>0. Note
that, Vy € D(A), W(t)y is the unique solution of (1.1), with z = Cy, since
C(D(A)) € D(Aly). Thus, $W(t)z|i=o exists and equals ACy = C Ay, so that
y € D(A) and Ay = Ay, that is, A is an extension of A. ]

Proof of Propositions 3.12 and 3.15: For z € X, let W(t)z = Ce'Bz. Bound-
edness and strong uniform continuity follows from the fact that [C(W)] & X.
Since Ce'B = e*BC, {W(t)}epo is a C-semigroup.

Let A be the generator of {W(t)}>0 and suppose z € D(A). Since z € D(B)
and [C(W)] = X, W(t)z is differentiable, with LW(t)z|=¢ = CBz = CAz.
Thus z € D(A), with Az = Az, so that an extension of A generates {W(#)}i>o-
Since X < W, Dw C Im(C)ND(B|x). Thus, by Proposition 2.4, A = C~1AC.
1

Proof of Theorem 3.16: This follows from Theorem 3.1 and Propositions 3.11,
3.12 and 2.4. |

Proof of Theorem 3.17: This follows from Theorem 3.8 and Propositions 3.14,
3.15 and 2.4. 1

Proof of Corollary 3.18: By translating A if necessary, we may assume that all
semigroups, integrated semigroups and C-semigroups are exponentially decaying,

hence strongly uniformly continuous.
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Corollary 3.18 now follows from Theorem 3.16 and the fact that A generates
an exponentially bounded n-times integrated semigroup if and only if Jw > 0
such that (w,00) € p(A) and A generates an exponentially bounded (r — A)™"-
semigroup, Vr > w (see [15]). ]

IV. Examples

We restrict ourselves here to examples simple enough so that C~'W(t) may be
calculated, to illustrate the construction of the interpolating space Y. Other
examples, where {W(t)}+>0 is constructed explicitly, but C ='W () might be less
obvious, may be found in {15], [16], [17] and [18].

Example 4.1: Let X = Co([0,00)), Af(z) = zf(z), then A generates the C-

semigroup

W(t)f(z) = ™ " f(z),
where C = W(0). Then Y, from Theorem 3.7,is {f € X|z — e** f(z) € X,Vt >
0}, with topology generated by the seminorms

IIf1li.; = sup{le** f(z)|| = € R, ¢ € [ri,7;]},

and e*4lY f(z) = e** f(2),Yf € Y,t > 0.
It is clear how to extend this construction to arbitrary multiplication operators,
A. Our space Y is similar to a construction in {7}, [8], where a Cauchy problem

in population genetics is considered. 1

For Examples 4.2 through 4.4, we will write f(D), where

_.{ 0 0 0
D:l(a—xl,a—xz—,...,a;> ,
for the operator
f(D)g = (F'f)*g,

with domain equal to the Schwartz space of rapidly decreasing functions, where
F is the k dimensional Fourier transform, defined on the space of tempered

distributions, f and g are tempered distributions and * is convolution.



244 R. DELAUBENFELS Isr. J. Math.

Example 4.2: Let A=iA, on LP(R¥) (1 £ p < o), the closure of —i|D}?. For
appropriate n, it is shown in [24] and [1] that A generates an n-times integrated
semigroup; this implies(see [15]) that A generates a bounded, strongly uniformly
continuous (1 — A)~"-semigroup, given by
W(t) = (fiha)(D), where fi(z) = e, hu(z) = (1 +ilzl?)™
Here Y, of Theorem 3.1, would be

{g|t — fi(D)g is a bounded, strongly uniformly continuous map from [0, o0) into
L7(RY)), with [lglly = sup{llfi(D)glllt 2 0}. O

Example 4.3: Let A = —A, on LP(R*)(1 < p < ), the closure of |D?|. The

A

operator A generates an e” z~semigroup, given by

W(t) = (:h)(D), where gi(z) = e'*’, R(z) = e71I".

This is shown in [16], for k = 1; the same construction may be used for arbitrary
k. It would seem natural to construct Y, from Theorem 3.7, analogously to the
previous example; the difficulty is that g, is not a tempered distribution, thus
¢:(D) may not be defined.

For p = 2, one may use the fact that the Fourier transform is a unitary map,
to show that

Y = {f € L*(R*)|t — g:F ! fis a continuous map from [0, c0)into L*(RF)},
with topology generated by the seminorms

[1£1li,; = sup{llgeF " fll21¢ € [ri, ;)

For general p, if Q is a bounded subset of R*¥ with smooth boundary, then

= —A, on L?(Q), with D(4) = W2P(Q)(Wi*(12), also generates an e™4"-
semigroup. Here we do not have the Fourier transform; the C-semigroup gener-
ated by A is defined with an unbounded analogue of the Cauchy integral formula,
similarly to the construction of fractional powers, using only the fact that —A
generates a strongly continuous holomorphic semigroup (see [16]).

The operator in the previous paragraph gives us the backwards heat equation.
The Cauchy problem for the Laplace equation may be similarly dealt with using
C-semigroups, after the usual matrix reduction to a first order problem (see [16]).
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Example 4.4: Let X and A be as in Remark 3.6. Then Y equals

{f € C}([0,00) N C*(R)| f' is bounded and uniformly continuous},

with [[flly = sup,er |f(2)| + super |f'(2)I-

More generally, if X = (Vi_o Cf ([k,0)) with |If]l = i sup.ss | ¥(2)]
and A = —£,D(A) = {f € X|f' € X}, then A generates a bounded strongly
uniformly continuous (1 — A)~"-semigroup, and Y, from Theorem 3.1, equals
C3 (10,00)), lIflly = Lk 5up.0 [fF(2)] -

Similarly, let X = {g € N, C& ([k,00)) | |lg]| < oo}, where

llgll = sup{lg™(=)l| k € NU {0}, = € [k, 00)}.

Then it may be shown that A generates an f(D)-semigroup, whenever f is in
the Schwartz space and f(D) is injective; for example, f(z) = e~*". In this case,
Y would be {g € g2, C5 ([0,0)) | llglly < oo}, where

llglly = sup{lg™(z)|| k € N{0}, = € [0, 00)}.

Example 4.5: Suppose B is closed, D(B) is dense and (—o00,0) C p(B), with
{llr(r + B)~!|||r > 0} bounded. For t > 0, let B* be the usual fractional power
of B (see, for example, [3], [21]). Then {B'e~B } }e>oisane™B *-semigroup (note
that —B% is constructed in such a way that it generates a strongly continuous
holomorphic semigroup e~*8 *) (see [14]).

Let Y be as in Theorem 3.7. Then Y is an extension of the locally convex
space C*°(B), with seminorms ||z||x = ||B*z||, in the sense that C*®°(B) C Y,
and the topology of Y, restricted to C*°(B), is equivalent. |

V. Fractional powers of generators of bounded C-semigroups

In this section, we give an example of how section III may be used to translate
results about strongly continuous semigroups into results about C-semigroups.
Other places where fractional powers that do not generate strongly continuous
semigroups are considered are [41], [43], [29], [30] and [31].
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THEOREM 5.1: Suppose —A generates a strongly uniformly continuous bounded
C-semigroup. Then 3 a family of operators {Ar}o<r<1 such that Ay = A, Ag =1
and
(1) —A, generates a bounded holomorphic C-semigroup of angle (1 —r),
whenever 0 < r < 1; and

(2) Suppose 0 <r,s <landr+s<1. Then
C(D(A)) € D(4+A,) N D(Ars),

with A, A,z = Aryz,Vz € C(D(A));
(3) imp—s A,z = A,z,Vz € C(D(A)), whenever 0 <r,s < 1.

If p(A) is nonempty and —A generates a uniformly continuous bounded holo-
morphic C-semigroup, then

(4) (AF=A,VkeN.

Remark 5.2: The property of generating a bounded integrated semigroup is not
preserved by this construction. Consider the following example. Define A on

X x X by

G G?

AE[O G

] , D(A) = {Z|G 'z, + 22 € D(G?),2; € D(G)},

where —G generates an exponentially decaying strongly continuous semigroup.
Then —A generates a bounded twice integrated semigroup and a bounded G~2-
semigroup (see {15] and [39]). Following the construction of Theorem 5.1, it is
not hard to see that, at least for z € D(A?),

Gt 1Gt
A%:E:[ 02 2G% ]Z
It may be shown(see [15]) that, for any complex A, (A — A;i)"l is unbounded.

Thus —A ) cannot generate an integrated semigroup, because p(A 1 ) is empty.
|

Proof of Theorem 5.1: Let Y be as in Theorem 3.1. Let (A|y)" be the usual
fractional power of A|y (see, for example, [3] or [21]), so that {e~*(4l¥)"},54 is
a bounded strongly continuous holomorphic semigroup of angle 7(1 — r). Let
—A, be defined to be the generator of the bounded holomorphic C-semigroup
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{e~tA)" C}45q. (2) and (3) follow from the fact that C (D(A)) € D(Aly). Now
suppose that p(A) is nonempty. Arguments identical to those in [13] imply that
an extension of —(A 3 )¥,—A, generates a bounded holomorphic C-semigroup,
hence (Ai')k is closable. (2) implies that ((A%))*z = Az,Vz € C(D(A)). Since
p(A) is nonempty, this is a core for 4 (see [13]), thus A C (A1)F C A. Since
p(A) is nonempty, and —A generates a C-semigroup, this implies that 4 = 4
(see Proposition 2.5), so that 4 = @, as desired. |

VI. Holomorphic interpolations and extrapolations

It is desirable to have the analyticity of a C-semigroup preserved by interpolations

and extrapolations.
Definition 6.1: S = {re'®|r > 0,{4| < 6}. |

Definition 6.2: (see [10], {19]). The C-semigroup {W(t)}:>0 is a uniformly
bounded holomorphic C-semigroup of angle § if it extends to a family of
bounded operators {W(z)}, 5, satisfying

(1) The map z + W(z), from Sy into L(X), is holomorphic.

(2) W(2)W(w) = CW(z +w),Vz,w € S,.

(3) W(z) is bounded and strongly continuous on Sp.

We will call {W(z)} a strongly uniformly continuous uniformly bounded
holomorphic C-semigroup of angle 6 if the continuity in (3) is uniform. As
with strongly uniformly continuous bounded C-semigroups, it is sufficient, in
Definition 6.2, to have the generator densely defined.

{W(t)}1>0 is 2 bounded holomorphic C-semigroup of angle 4 if, Vi < 6,
{W(t)}s>0 is a uniformly bounded holomorphic C-semigroup of angle 1.

THEOREM 6.3: Suppose A generates a strongly uniformly continuous uniformly
bounded holomorphic C-semigroup of angle §. Then 3 a Banach space Y such
that

(1} Aly generates a uniformly bounded holomorphic strongly continuous

semigroup of angle 6,
(2) [C0 = ¥ & X,
(3) W(2) = e*AlvC,Vz € Sy.
Y may be chasen so that ||z]ly = sup{||C~'W(z)z]|z € Ss}.
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COROLLARY 6.4: Suppose A generates a strongly uniformly continuous uni-
formly bounded holomorphic C-semigroup, {W(z)},.3;, of angle . Then 3
a Banach space W and an operator B such that

(1) C extends to a bounded operator on W,

(2) B generates a uniformly bounded holomorphic strongly continuous semi-
group of angle 8 on W, such that e*BC = Ce*B,¥z € S,

(3) Ce*Bz = W(z)z,¥z € Sp,z € X,
(4) A= B|x and
(5) [C(W) =X - W.

Open Question 6.5: It is clear from Theorem 6.3 that, when D(A) is dense and
A generates a bounded holomorphic C-semigroup of angle 6, then Vi < 6,3 an
interpolation space Yy, on which A generates a uniformly bounded holomorphic
strongly continuous semigroup of angle . It is not clear if there exists an inter-
polation (Banach) space on which A generates a bounded holomorphic strongly

continuous semigroup of angle 6. 1

Open Question 6.6: Suppose A generates a strongly uniformly continuous uni-
formly bounded holomorphic C-semigroup, Y] is the interpolation space of Theo-
rem 6.3 and Y; is the interpolation space of Theorem 3.1. It is clear that Y7 C Y5.
Are Y; and Y; equal? [ |

One way to answer this open question in the negative would be to construct
a bounded strongly continuous semigroup {4} such that {e!AC} extends to
a strongly uniformly continuous uniformly bounded holomorphic C-semigroup
but {e*4} does not. It would also be sufficient to produce an operator, 4, that
generates a strongly uniformly continuous uniformly bounded holomorphic C-
semigroup, for which (1.1) has a bounded solution that is not analytic.

An affirmative answer to this open question would also answer Open Question
6.5 in the affirmative, since it would then follow that Yy, = Yy,,Ve1,92 < 6.
|

Except for the following lemma, most of the proof of Theorem 6.3 is identical

to the proof of Theorem 3.1.

LEMMA 6.7: Suppose A generates a uniformly bounded holomorphic
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C-semigroup, {W(z)}, 5, of angle 6. Then, Vy € Sy,

sup |I5 [W(w -+ ) - W(w)] - AW()|
w€Sy+y

converges to zero, as |z| goes to zero.
One might call this being uniformly analytic on subsectors.

Proof: Let M = sup, 5 {l/|W(z)||}. For fixed z, let ¢ = arg(z). Then, for ||
sufficiently small,

sup [|2 [W(w +2) ~ W(w)] - AW (w)]|
wESy+y

I=l .
< sup “ll—l/o AW (se*® + w) — AW (w) ds||

weSy+y
< sup sup ||[AW(se" +w) - AW(w)||
weS,+y 0<s<2)
3
= sup sup H/ AW (re' 4+ w)dr||
w€Sy+y 0<e<isl Jo
< sup  sup [2][|A’W(r + w)||
w€S, +y [rI<]|

< sup sup |¢| M|
" weSiylrigls It wl? T (] =2’

It is clear that this converges to zero, as |z| converges to zero . The second to
last inequality in the argument above follows from the Cauchy integral formula
for derivatives of functions holomorphic in a sector, as with strongly continuous

holomorphic semigroups. |

Proof of Theorem 6.3: Let Y be the set of all z such that ||z||y is finite and
the map w — C~!W(w)z is a uniformly continuous map from Sj into X, and a

uniformly analytic map from subsectors of Sp into X, that is, for all y € Sy,

1
sup ||= [CT'W(w + 2)z = CT'W(w)z] — CTW'(w)z|
wES, +y
converges to zero, as |z| goes to zero.
Then the same arguments as in the proof of Theorem 3.1 imply that Y is

a Banach space and Aly generates a uniformly bounded strongly continuous
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holomorphic semigroup of angle 8, T(z) = C~'W(z). As in the proof of Theorem
3.1, Lemma 6.7 implies that [C(X)] — Y. |

VII. Perturbations of generators of C-semigroups

We will write (A + B) to mean the operator with domain D(A) N D(B). The
natural setting for perturbations is a noncommuting version of C-semigroups,
introduced in [17].

Definition 7.1: The strongly continuous family of bounded operators {W(¢)}i>0
is an exponentially bounded mild C-existence family for A if A is closable
and Jw > 0 such that

(1) W@l is O(e™*),

(2) (r — A) is injective, YVr > w,

(3) Im(C) € fm(r — A),Vr > w,

(4) The map t = [, W(s)z ds € C([0,0), [D(A4)]),Vz € X,
(5) |14 ( Jiw(s)o ds) || is O(e**),Vz € X, and

(r—A)"'Cz = / e "W(t)zdt, VzeX, r>w.
0
1

The following may be found in [17].

PROPOSITION 7.2: Suppose 3 an exponentially bounded mild C-existence family
for a restriction of A. Then (1.1) has a unique exponentially bounded mild
solution, Yz € Im(C).

THEOREM 7.3: Suppose

(1) A generates a bounded uniformly continuous C)-semigroup {W(t)}:>0

that commutes with Cy,
(2) C71C; € L(X),
(8) B is closed in X and

(4) Z = {z|t — C;'W(t)z is a bounded uniformly continuous map from
[0,00) into X} C D(B), with t — C;'W(t)Bz bounded and uniformly
continuous, Yz € Z.



Vol. 81, 1993 C-SEMIGROUPS 251

Then 3 a bounded mild C;-existence family for a restriction of (A + B).

What is of interest here is that B could be unbounded, even relative to A.

Consider the following example.

Example 7.4: Suppose G generates a bounded strongly continuous group,
{T(t)}¢>0, on X, B is closed in X, r € p(G) and D(G™) C D(B). Define 4,
on X x X, by

G 0

AE[O c

] ,  D(4) = D(G) x D(G).

Let
= o)

Then Theorem 7.3 may be used to show that 3 a bounded mild C;-existence

5 el

family for

since

e [ m| [0 82l = Iroise - @i - ol

whenever z; € D(G™). |

As a corollary of Theorem 7.3, we get the best perturbation result for C-
semigroups currently known (see [17], [47] or [20]).

COROLLARY 7.5: Suppose B € L(X,[C(X)]) and A generates a bounded uni-
formly continuous C-semigroup. Then 3 a bounded mild C-existence family for
a restriction of (A + B).

Proof of Theorem 7.3: Let Y be as in Theorem 3.1. Then Z = [C{'C,(Y)].
Since C; commutes with W(t), it commutes with e*4Y thus A|z also generates
a strongly continuous contraction semigroup. Since Z — X, B is closed in Z.
Thus, by (4) and the Closed Graph Theorem, B|z € L(Z). This implies that
(Alz + B|z) generates a strongly continuous contraction semigroup {T'(t)}¢>o,
on Z. It is well-known that (0,00) C p(A|z + B|z), with

(s=(Alz+B|z)) 'z = /0 ” e™ T (t)z dt,
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Vs >0,z € Z. Since [C2(X)] — Z, this implies that, if W(t) = T(¢)Cs, then
(s - (Alz + Blz))"'Caz = / W ()e dt,
0
Vs >0,z € X. Since [, W(s)zds = [ T(s)Caz ds € D(A|z), with

(Alz + B|z) ( /0 ' T(s)Cﬂds) = T(t)Cz — Csz,

W(t) satisfies (4) and (5) of Definition 7.1. Thus {W(t)}¢>0 is a bounded mild
C,-existence family for (A|z + B|z), a restriction of (4 + B). |

Proof of Corollary 7.5: C~'B € L(X), thus W(t)Bz € Im(C),Vt > 0,z € X,
with C™1W(t)Bz = W(t)C~!Bz,Vt > 0, so that this follows from Theorem 7.3,
withC, =C;=C. |
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